Introduction. The Standard Model "has emerged as the best distillation of decades of research" [2] . Despite its experimental feats, though, it continues to be a complicated theory. The Standard Model is based on a curious list of groups (Lorentz, U (1), SU (2), SU (3)) acting on an even greater multitude of vector spaces. Surely a theory which works so reliably deserves a concise description.
We aim to show that this more concise description is provided by the division algebras. The division algebras are by no means new to physics; most theory, both classical and quantum, is described already in terms of the real, R, and complex numbers, C. Furthermore, the group SU (2) is everywhere in physics, and its connection to the quaternions, H, is well known. It is nearly irresistible to ask if the octonions, O, the last of the set of four normed division algebras over R, have a calling in nature. Certainly several have thought so: [1] , [3] [4] [5] [6] [7] [8] [9] [10] , but for the most part, the octonions have remained hidden from mainstream physics.
In [1] , Dixon gives the first well-known proposal for the connection between the Standard Model and the full algebra R ⊗ C ⊗ H ⊗ O. The work presented here may be viewed as an independent development of the same basic idea as [1] , which differs in the algebra's implementation. In [3] , an octonionic representation of a Clifford algebra in four dimensions is demonstrated, while [4] , [5] , [6] and [7] show structure of the Standard Model provided by O. Baez and Huerta, [8] , explain how supersymmetry arises from the existence of the division algebras. References [9] and [10] both give an introduction to O: while [9] notes applications to quantum logic, special relativity and supersymmetry, [10] discusses the algebra of observables and non-associative gauge theory.
More often than not, though, the octonions are passed by in haste because they are non-associative, and hence at times temperamental. As we will show, this property is in fact a gift, which will allow us to begin to streamline the Standard Model's complex structure.
This paper uses what we call an ideal representation: a group representation expressed in terms of the action of an algebra on one of its (generalized) ideals. We show that Lorentz group-and SU (3) ⊗ SU (2) ⊗ U (1)-representations of the Standard Model can be redrawn in terms of ideal representations of R ⊗ C ⊗ H ⊗ O. Prerequisites. Little algebraic background is needed to understand the following pages, so we provide it here. R,
We will take a look first at the algebra without its octonionic part: C ⊗ H, and then at the algebra without its quaternionic part: C ⊗ O. These can then be reassembled into the original algebra, as was also done in [1] .
The generic element of C ⊗ H is written a + bi + cj + dk where a, b, c, d ∈ C. i, j, k follow the non-commutative quaternionic multiplication rules
A n e n , with the A n ∈ C. The e n are octonionic imaginary units e 2 n = −1 , apart from e 0 = 1, which multiply according to Figure 1 .
Any three imaginary units on a directed line segment in Figure 1 act as if they were a quaternionic triple. For example, e 6 e 1 = −e 1 e 6 = e 5 , e 1 e 5 = −e 5 e 1 = e 6 , e 5 e 6 = −e 6 e 5 = e 1 , e 4 e 1 = −e 1 e 4 = e 2 , etc. Octonionic multiplication harbours various symmetries, such as index doubling symmetry: e i e j = e k ⇒ e 2i e 2j = e 2k , which can be seen by rotating Figure 1 by 120 degrees [9] . For a more generous introduction to the octonions see [9] and [10] .
The generic element of C⊗H⊗O is 7 n=0 B n e n , where the B n ∈ C ⊗ H. Imaginary units of the different division algebras always commute with each other; explicitly, the We define a subalgebra I of an algebra A to be an ideal if m (a, v) ∈ I, ∀v ∈ I and for any a ∈ A, where m is multiplication. Directly from the definition it can be seen that an ideal is the algebra's resilient subspace, whose elements persist no matter what a is multiplied onto them [15] .
In what is to follow, we will find the invariant subspaces of C ⊗ H under three separate actions of the algebra on itself: m (a, v) = av, m (a, v) = ava † and m (a, v) = av a. Only in the first case, m (a, v) = av, does this give an ideal according to its standard definition. For m (a, v) = ava † and m (a, v) = av a, it would also be possible to call these invariant subspaces under an action of an algebra on itself , instead of ideals. However, this is cumbersome, and obscures the fact that conceptually they are simply generalized ideals, provided that we are permitted to consider multiplication to be a map which takes two elements in the algebra and returns a third. Ideals in C ⊗ H. In writing the well known Lorentz representations of C ⊗ H [12] , [13] , we can see the surprising extent of this unification. The groups are unified with the vectors they transform, and further, all of the different particles are born from the same meagre algebra.
We start with ideals under left multiplication, from which Weyl spinors will arise:
Any number in C⊗H can be written c 1 are stable against multiplication by any a in C ⊗ H:
for some c ′ n ∈ C. It is clear then that C ⊗ H splits into two ideals under left multiplication. Now, it is well known that the set S ≡ {
A linear combination of the generators in S, call it s, can be exponentiated to form group elements in C ⊗ H. According to equations (1), we can then certainly write
where * denotes the complex conjugate: i → −i. We see that the ideal equations (1) can be used to show, among many things, that the v 1 are closed under the first set of transformations, and the v 2 are closed under the second set. Much of the above can also be found in [12] in terms of Clifford algebras.
Let us do some renaming:
The reader is encouraged to check that the ideal element
is as a left Weyl spinor, and Perhaps the most compelling aspect of Unified Theory of Ideals is that it takes care of the patchwork which is usually involved when carrying out calculations. As an example, we now show an especially clean way to conjugate Weyl spinors.
When Weyl spinors are introduced in many textbooks, it is noted that the "complex conjugate" of the left column vector Ψ L transforms as a right-handed spinor, and vice-versa. However, the "complex conjugate" is not really the complex conjugate. The ad-hoc matrix ǫ = −iσ y = 0 −1 1 0 is deployed to enforce that things work out, and as a result, the "complex conjugate" is defined as ǫΨ * L . Clumsier still, in order to return back to Ψ L , one must import an extra factor of −1 so that
* , instead of just taking the "complex conjugate" twice.
In the ideal representation, however, the true complex conjugate here knows exactly what to do:
, with no white lies necessary.
A new multiplication rule leads to the 4-vector ideal representation:
Any number in C ⊗ H can be written as a sum of hermitian h = h 0 + h 1 ii + h 2 ij + h 3 ik and anti-hermitian h = ih 4 + h 5 i + h 6 j + h 7 k parts, where the h n ∈ R, and the hermitian conjugate a † ≡ a * . The element a is the parity conjugate of a, obtained by sending i, j, k → −i, −j, −k and reversing the order of multiplication. As aha † is hermitian and aha † is antihermitian for any a ∈ C⊗ H, it is clear that C⊗H splits again into two ideals, this time under the multiplication m (a, v) = ava † . It is shown in [13] that there exists another representation of the Lorentz group which uses this double-sided multiplication. Including again the complex conjugate representation, we have
as expected. As shown in [13] , the scalar C ⊗ H can be split yet again into ideals of the form φ ∈ C and F = F 32 + iF 01 i + F 13 + iF 02 j + F 21 + iF 03 k, F mn ∈ R, which weather the multiplication av a from any element of the algebra. As φ ′ = e is φe i s = φ, we see that φ transforms as a Lorentz scalar. In [12] and [13] Figure 2 ), we have accounted for all of the local spacetime degrees of freedom of the Standard Model. Bilinears and other scalars can now arise from combining the various ideal representations, whose Lorentz transformations fit together like puzzle pieces.
Take for example the real part of
where L ≡ e is from before. This scalar is the analogue of the scalar between Majorana spinors of quantum field theory, Ψ m∂ Ψ m = Ψ m † βγ α ∂ α Ψ m . It can be seen that the usual Majorana scalar does not come forward as willingly as the notation might have us believe. Hidden in the notation is a matrix β = ( 0 ½ ½ 0 ) and matrices γ α : objects which need no implementation in our formalism. Ideals in C ⊗ O. Given that the quaternionic part of the algebra holds the local spacetime degrees of freedom, we now search the octonionic part for the gauge degrees of freedom [16] . How, though, could they possibly fit? SU (3) ⊗ SU (2) ⊗ U (1) has 8 + 3 + 1 = 12 gauge bosons, yet the octonions are 8-dimensional.
Fermions. In what follows, we will need to make use of the eigenvalue equations which arise from the action of the algebra on itself. Let O (v) = c v be the generic form of such an eigenvalue equation where O is an operator constructed from elements of the algebra A, v is the solution, which is also in A, and c ∈ C ⊂ A.
A straight forward example is O = Replacing the quaternionic imaginary k with the octonionic imaginary e 7 gives another operator O = ie7 2 , this time in C ⊗ O. Recall that the octonions can be thought of as a net of quaternionic triples, where each line in Figure 1 behaves like {i, j, k} . As e 7 is a member of three such lines, we might expect more than four solutions to the eigenvalue equation , give a full generation of fermions as a basis for C ⊗ O. In [7] , and later in [1] , a similar basis is shown, but is identified as half a generation, together with the corresponding antiparticles.
Immediately striking from Figure 3 is the fact that the index doubling symmetry of octonions gives colour symmetry of particles. These rotations of 120 degrees map
Furthermore, as the leptons are linear combinations of 1 and e 7 , they are invariant under index doubling, which expresses their immunity to colour transformations. Bosons. For concreteness, we would like to write down the twelve linearly independent gauge bosons of the Standard Model. Given only this 8-dimensional octonionic space, how could this be possible? Let us start by trying to find the generators of SU (3). As the leptons are singlets under SU (3), we will need the generators to annihilate them, and when acting on up and down quarks, we ask that the generators map one colour to another according to the Gell-Mann matrices. It is not hard to check that in fact no number in C ⊗ O is capable of this.
So it seems that multiplying fermions by a single C⊗O number is of no help. Unexpectedly, it turns out that multiplying by one C ⊗ O number and then by another does the trick.
Associativity would have assured that multiplication on a fermion f by any two numbers a 1 and a 2 could be summarized into a single multiplication a [1] and [3] . In this space, we find the unique set
which annihilate leptons and map quarks according to the Gell-Mann matrices. These generators obey the analogue of the commutation relations
where c ℓmn are the structure constants of su (3). The difference from the usual commutation relations is that we are accustomed to working out commutators independently of the space they are acting on. Here, the operators are applied to each and every fermion. Commuting with this set are the SU (2) generators
In the remaining space which commutes with both of these groups, we have the U (1) generator of weak hypercharge, and lepton and baryon numbers Speculations. This work shows that the SU (3) ⊗ SU (2) ⊗ U (1) gauge bosons fit into the algebra, but as with the Standard Model, it leaves some mysteries hanging: Why is SU (3) ⊗ SU (2) ⊗ U (1) nature's favourite, over any other set of Lie groups? Or is it? Why does SU (2) transform the left and not the right?
The Standard Model makes no attempt to answer these questions, but as we have seen already in the discrete colour symmetry example of Figure 3 , Unified Theory of Ideals just might. Fortunately, the octonionic symmetries have been well studied; the first place to look for gauge groups is in G 2 , the exceptional Lie group which forms the automorphism group of the octonions [9] , as was proposed in [7] , and subsequently in [1] .
Acting on the fermion basis vectors, it is possible to find ladder operators which obey the correct anticommutation relations for both the C ⊗ H and C ⊗ O parts of the theory. This suggests that the theory might already be quantized, free of theoretical intervention. These anticommutation relations do not need Dirac delta functions. Furthermore, the operators raise and lower states relative to each other, not with respect to the vacuum. If we can use these ladder systems to replace the current framework of QFT, we might finally be able to slip out of the conceptual contortions caused by its zero particle state and Dirac delta functions.
Finally we mention that the operators of this theory appear to live in the Clifford algebra [14] generated by the imaginaries of the algebra acting successively on the fermions. This can be seen already in the bosonic operator solutions of this paper. A twist to the story is that a degeneracy in the Clifford algebra acts to cut it in half, so that the sequences of e i s which make up the operators can only come in three levels. It would be interesting to see if these three levels could ultimately explain the three generations of the Standard Model.
Of course all of the above will require further scrutiny in the coming months.
Apart from this current work, Seth Lloyd is leading the development of the theory of Division Networks, a model for quantum gravity in the form of a lattice gauge theory, which is written in the Unified Theory of Ideals formalism. Conclusion. Unified Theory of Ideals puts forward the idea that all of the particles of the Standard Model are simply numbers in the same algebra. This more powerful form of unification aims to describe all of the gauge and spacetime degrees of freedom, using only the 32 complex dimensions of R ⊗ C ⊗ H ⊗ O.
